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We investigate the impact of quenched disorder on the dynamical correlation functions of two-
leg quantum spin ladders. Perturbative continuous unitary transformations with the help of white
graphs and bond-operator mean-field theory are used to calculate the one- and two-triplon con-
tribution of the zero-temperature dynamical structure factor. Disorder results in huge effects on
quasi-particles as well as composite bound states due to localization. This leads to intriguing quan-
tum structures in dynamical correlation functions well observable in spectroscopic experiments.
Disorder is an inevitable ingredient of any condensed
matter. On the one hand disorder can change or even
destroy the physical behaviour of the associated clean
systems [1–3] or, on the other hand, it can induce fun-
damentally new physics. This is especially true for cor-
related quantum materials where the interplay of disor-
der and quantum fluctuations can result in technologi-
cal challenges or exotic phases of quantum matter like
many-body localization [4–7]. One important aspect in
the collective behaviour of correlated quantum matter is
the formation of quasi-particles and their role in quan-
tum critical behaviour. While many studies have inves-
tigated the static and thermodynamic properties of such
systems in the presence of disorder [8–16], the fate of
quasi-particles under disorder is only rarely studied. Ex-
perimentally, however, increasingly improving resolution
in spectroscopy like inelastic neutron or light scattering
as well as intentional doping to control disorder in quan-
tum materials [17–23], demands theoretical predictions
for dynamical correlation functions of correlated quan-
tum matter in the presence of disorder.
An outstanding arena, both experimentally and the-
oretically, to investigate the influence of quenched dis-
order on quasi-particle excitations are low-dimensional
quantum magnets, which host a variety of interesting
quantum phases and elementary particles in the clean
case. Theoretically, the calculation of dynamical corre-
lation functions for disordered quantum magnets is chal-
lenging [24–26]. Only recently [25], the effect of disorder
on single quasi-particles has been studied within bond-
operator mean-field (MF) theory for the bilayer square
lattice Heisenberg model, but the fate of quasi-particles
under disorder beyond MF theory is largely unexplored.
An particularly promising system to advance are anti-
ferromagnetic two-leg quantum spin ladders (QSLs) [28],
which have been investigated successfully over the last
decades in a number of experimental realizations [29–
35] and by various theoretical tools [36–41]. Clean QSLs
have non-ordered ground states and gapped triplon ex-
citations [37, 42]. Inelastic neutron and light scattering
allow to access one-triplon dispersions but also the forma-
tion of two-triplon bound states and continua reflecting
the presence of large quantum fluctuations. Furthermore,
FIG. 1. (a) QSL with bimodal disorder. The two different
rung (J⊥(1,2)) and leg (J
‖
(1,2)) couplings are shown as red and
blue bonds. The unit cell ν is indicated by the rectangular
box. (b) Spectrum ω of the clean QSL for J‖/J⊥ = 1/2 as
a function of momentum k including one-triplon dispersion
(black line), two-triplon continuum (grey) as well as spin-one
two-triplon bound state (red line) calculated by pCUTs.
it is possible experimentally to intentially dope QSL com-
pounds so that quenched disorder is induced into the sys-
tem [43]. It is therefore important to understand the in-
fluence of disorder on the spectral signatures of triplon
quasi-particles in QSLs. This is exactly the punchline of
this letter. We calculate the one- and two-triplon contri-
bution of the dynamic structure factor (DSF) at T = 0
of two-leg QSLs in the presence of quenched disorder. It
is demonstrated that disorder has huge effects on collec-
tive excitations yielding intriguing quantum structures
directly relevant for spectroscopic experiments.
Disordered QSL — The Hamiltonian of the disordered
QSL for a fixed disorder configuration {J} is given by
H ({J}) =
∑
ν
(
J⊥ν ~Sν,1 · ~Sν,2 +
2∑
n=1
J‖ν,n ~Sν,n · ~Sν+1,n
)
,
(1)
where the sum runs over all rungs and n = 1, 2 denotes
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2the legs of the QSL (see Fig. 1a). The disorder config-
uration {J} given by the antiferromagnetic J⊥ν and J‖ν,n
depends on the type of quenched disorder. Here we focus
on bimodal disorder, i.e. the rung and leg exchanges can
take either the value Jκ1 with probability p or J
κ
2 with
probability 1 − p for κ ∈ {⊥, ‖}. However, our techni-
cal treatment is more general and allows to consider any
form of quenched bond disorder.
Clean QSLs with J⊥ν ≡ J⊥ and J‖ν,n ≡ J‖ have
an unordered ground state and gapped triplon exci-
tations for all J‖/J⊥, which are adiabatically con-
nected to the isolated rung limit J‖ = 0. In this
limit the ground state is a product state of singlets
|s〉=(| ↑↓〉 − | ↓↑〉)/√2 and excitations are local triplets
|t+1〉=| ↑↑〉, |t+0〉=(| ↑↓〉+ | ↓↑〉)/√2, and |t−1〉=| ↓↓〉.
The low-energy spectrum of the clean QSL obtained by
pCUTs is shown for J‖/J⊥ = 1/2 in Fig. 1b. The spin-
one triplon corresponds to a dressed triplet which has
a finite cosine-like dispersion in this parameter regime
with a finite gap at k = pi. Two-triplon energies are ei-
ther part of the two-triplon continuum or correspond to
two-triplon (anti)-bound states, whose energies depend
on the total spin. We focus on the spin-one sector, which
is relevant for the DSF, where a two-triplon bound state
exists for a large range of momenta in the clean QSL due
to the attractive two-triplon interaction [38, 39].
We then reformulate (1) in terms of triplet creation
and annihilation operators t
(†)
ν,α with t†ν,α|s〉 ≡ |tα〉 and
α ∈ {±1, 0} on rung ν. Setting the average rung ex-
change J¯⊥ ≡ (J⊥1 + J⊥2 )/2 ≡ 1 and introducing the de-
viations ∆J¯⊥± from it, allows to express (1) as
H ({J}) = E0 +Q+
2∑
n=−2
Tˆn ({J}) , (2)
where E0 = −3Nr/4 with Nr the number of rungs, the
counting operator Q = ∑ν,α nˆν,α with nˆν,α = t†ν,αtν,α,
and the Tˆn with [Tˆn,Q] = nTˆn change the triplet num-
ber by n. The Tˆn depend explicitly on ∆J¯
⊥
± as well
as J
‖
1,2 and therefore on the disorder configuration {J}.
Here Tˆ±2 correspond to pair creation and annihilation
processes, Tˆ0 contains triplet hopping as well as quar-
tic triplet-triplet interactions, and Tˆ±1 represent decay
processes of one triplet into two or vice versa. Note that
Tˆ±1 = 0 holds for the clean case where the QSL possesses
an exact reflection symmetry about the centerline giving
rise to a conserved parity quantum number ±1.
The central quantity for inelastic neutron scattering on
disordered QSLs is the disorder averaged DSF
S±(k, ω) ≡ limNdc→∞
1
NdcS±(k, ω, {J}) (3)
with momentum k, frequency ω, number of disorder con-
figurations Ndc, and
S±(k, ω, {J}) ≡ − 1
pi
Im〈0|O†±
1
ω −H+ i0+O±|0〉 (4)
where O±(k) ≡
∑
ν e
ikν(Szν,1±Szν,2)/(2
√Nr). The index
± reduces to the parity quantum number for the clean
QSL.
pCUT — We perform pCUTs as our main approach as
well as bond-operator MF theory (for the latter see [27]).
The major target of a pCUT is to unitarily transform (2),
order by order in J
‖
ν,n and ∆J¯⊥± , to an effective Hamilto-
nian Heff which conserves the number of triplons so that
[Heff ,Q] = 0 holds. As a consequence, the complicated
quantum many-body system is mapped to an effective
few-body problem which is easier to solve. A pCUT ap-
plication has a model-independent step, which expresses
Heff in a sum of operator product sequences of the Tˆn
operators with exactly known coefficients. The most ef-
ficient way of performing the second model-dependent
step, which amounts to normal order Heff , is a full-graph
decomposition using the linked-cluster theorem. Here the
only graphs are ladders segments so that the calculation
for the clean QSL is very simple. In contrast, in the
presence of bimodal disorder, there are 23Nr+1 different
graphs for a ladder segment of Nr rungs and a linked-
cluster expansion becomes unefficient since Ndc is large.
At this point white graphs [46] are essential, since it al-
lows to specify {J} only after the calculations on the
graphs. In practice, one determines the most general
linked contribution of a graph by allowing for a different
exchange coupling on every nearest-neighbor link of the
graph. The resulting multi-variable series can then be
embedded on any specific {J}.
We calculated Heff in the one- and two-triplon sector
up to order 8 and we determined the corresponding effec-
tive observables Oeff± up to order 7. The convergence of
the bare series is similar to the clean QSL where it gives
quantitative results up to J‖/J⊥ . 0.5 [39, 40] and we
therefore restrict to this parameter regime below. The ef-
fective one- and two-triplon problem is then diagonalized
for finite QSLs withNr = 100 and the DSF for a fixed dis-
order configuration is obtained using a finite broadening
Γ = 0.01. Averaging over Ndc = 1000 disorder config-
urations then gives the averaged DSF (3). All relevant
aspects discussed below are well converged despite the
use of finite Nr and Ndc [27], which is reasonable due to
the finite localization and correlation length of the QSL.
One-triplon contribution — For the clean QSL, this
sector can be expressed as S−(k, ω) = a2(k) δ(ω − ωk)
with the one-triplon dispersion ωk and the one-triplon
spectral weights a2(k) while S+(k, ω) = 0 due to the par-
ity symmetry. The dispersion ωk is cosine shaped with
gap at k = pi and the spectral weight a2(k) is monotonic
in k with maximum at k = pi and minimum at k = 0.
Representative pCUT results for the DSF in the pres-
ence of maximal pure rung or leg disorder are shown in
3FIG. 2. One-triplon contribution to the anti-symmetric DSF S−(k, ω) for pure rung (left) or leg (middle) disorder and to the
symmetric DSF S+(k, ω) for pure leg disorder (right). Left: bimodal rung disorder with p = 0.5 and rung exchanges J
⊥
1 = 1.4
and J⊥2 = 0.6. The constant leg exchange is J
‖ = 0.4. White lines represent one-triplon dispersions for a clean QSL with
J‖ = 0.4 and J⊥ = 1.4 (dashed) or J⊥ = 0.6 (dashed-dotted). Horizontal white lines indicate the lowest one-triplon energy

(L)
1 of open ladder segments of length L with J
⊥ = 0.6. Middle/Right: bimodal leg disorder with p = 0.5 and leg exchanges
J
‖
1 = 0.1 and J
‖
2 = 0.4. The black dashed line represents the one-triplon dispersion with mean hopping amplitudes.
Fig. 2 (see [27] for qualitatively the same MF results).
These two cases behave differently with respect to reflec-
tion about the centerline. For rung disorder the asso-
ciated parity is still a conserved quantity and therefore
S+(k, ω) = 0 holds for the one-triplon sector. In con-
trast, since the leg disorder breaks the reflection sym-
metry, a finite one-triplon contribution to S+(k, ω) ex-
ists. However, this contribution is orders of magnitude
smaller and the dominant contribution to the DSF is still
S−(k, ω). We find that the DSF of the disordered QSLs
is fundamentally different to the one for the clean coun-
terpart. These differences do not originate from large
changes of the spectral weights. Indeed, deviations to a
clean QSL with constant mean exchange couplings are
small [27]. Certainly, the most important effect of dis-
order on the DSF is the disorder-induced localization of
eigenfunctions and their corresponding shape changes in
momentum space. Furthermore, the density of states is
changed by the bimodal disorder [27].
There are fundamental differences between leg and
rung disorder, although eigenfunctions are localized in
both cases. This is understood in leading-order pertur-
bation theory: rung disorder leads to triplons hopping in
a disordered chemical potential while leg disorder yields
a disordered nearest-neighbor hopping and therefore to a
momentum-dependent disorder potential. Thus localiza-
tion is stronger for rung compared to leg disorder.
We find two separated energy regions for rung disorder
corresponding to J⊥1 and J
⊥
2 . This can be seen by com-
paring to the one-triplon dispersions of a clean QSL with
these J⊥ν (white lines in Fig. 2). In first order this follows
from Gerschgorin’s circle theorem which states that half
of the eigenvalues are bigger and half of them smaller
than one in the thermodynamic limit for that disorder.
The spectral weights are higher in the low-energy re-
gion due to localization. Considering an eigenstate in the
lower (higher) region, it will be localized around states
with dominantly low (high) rung values. For these eigen-
states the average ratio of leg and rung coupling is then
larger at lower energies. Hence the spectral weight is
larger in the low-energy region. Most importantly, we
observe a fragmentation of the one-triplon DSF into en-
ergies carrying maximal spectral weights close to k = pi.
These energies with largest intensity are located well
above the one-triplon gap of the uniform QSL with the
lower rung value. These energies can be understood by
considering leading-order degenerate perturbation theory
for small J‖/∆J¯⊥ [27]. In this limit one has a fragmen-
tation of the disordered QSL into decoupled ladder seg-
ments with constant J⊥ = 0.6 of length L. In each open
segment one can easily solve the full one-triplon problem
and determine the lowest one-triplon energy 
(L)
1 . For
k = pi, we find that the one-triplon DSF has indeed local
intensity maxima at these energies (see solid white lines
in Fig. 2). The approximate quantization of the one-
triplon DSF is therefore directly linked to the discrete
energies 
(L)
1 arising from the strong rung disorder. Note
that similar quantum structures occur also for the high-
energy region of the one-triplon DSF which can be again
traced back to a fragmentation of the disordered QSL
into almost decoupled ladder segments. For leg disorder
one has only a single energy region which is well described
with a one-triplon dispersion using mean hopping ampli-
tudes (black line in Fig. 2). The spectral weight is largest
at k = pi and diminishes towards k = 0. However, the in-
tensities are even smaller at small k as one expects from
the spectral weight, since it is distributed over a particu-
larly broad range of energies at k = 0. This comes from
4FIG. 3. Two-triplon contribution to S+(k, ω) for pure rung (left) or leg (middle) disorder and to S−(k, ω) for pure leg disorder
(right). Left: bimodal rung disorder with p = 0.5 and rung exchanges J⊥1 = 1.4 and J
⊥
2 = 0.6. The constant leg exchange is
J‖ = 0.4. The three dashed lines represent the dispersion of the two-triplon bound state for the clean QSL using J⊥ = 1.4,
J⊥ = 1.0, and J⊥ = 0.6. Middle/Right: bimodal leg disorder with p = 0.5 and leg exchanges J‖1 = 0.1 and J
‖
2 = 0.4. The
dashed lines represent the dispersion of the two-triplon bound state for the clean QSL with J
‖
1 (white) and J
‖
2 (red).
disorder in the local hopping amplitude (like for rung dis-
order) which appears in subleading orders leading to an
anisotropy between k = 0 and k = pi [27]. Further, the
fragmentation at k = 0 is of similar origin as for rung
disorder found for all momenta. Finally, the shape of the
one-triplon contribution to S+(k, ω) can be fully traced
back to the different type of observable. Although the
spectral weight vanishes exactly at k = 0, it is distributed
almost uniformly between k = pi/2 and k = pi [27]. The
same is true for the intensities at fixed energy. For the
latter one has to recapitulate that the local observable in
real space only injects a finite weight for single triplons
if an asymmetry of leg couplings is present in the local
surrounding of the observable. The probability of such
an asymmetric and connected region of length L, where
O+(k) is active, is exponentially descreasing with L. It
follows that the projection of eigenstates on these regions
is almost flat in momentum space.
Two-triplon contribution — For the clean QSL, it is
contained solely in S+(k, ω) while S−(k, ω) = 0. It com-
prises a continuum and a two-triplon bound state (see
Fig. 1b). By far most of the spectral weight is carried by
this bound state, which therefore dominates the DSF.
The two-triplon contributions obtained by pCUTs with
maximal pure rung or leg disorder are shown in Fig. 3.
Note that bond-operator MF does not yield satisfactory
results in this sector, since the attractive triplon interac-
tion is neglected completely [27]. Localization also occurs
for two-triplon states so that eigenstates have almost all
their weight on a finite part of the two-triplon space in
the position basis [27]. Further, the states carrying most
of the weight will be two-triplon states localized on a fi-
nite region of the lattice. For rung disorder, there are
3 possible values for the sum of two local hopping am-
plitudes resulting in 3 distinct structures in the DSF.
The spectral weight of these structures decreases from
lower to higher energy, which can be understood from
the decreasing average ratio of leg and rung couplings
as described for the one-triplon case above. Each region
contains a bound state and a continuum, although only
the bound state carries significant spectral weight (see
Fig. 3 left). They gain a finite lifetime due to the disor-
der. The same is true for leg disorder. One observes two
bound-state structures, which fuse at k = pi. The two
structures, one more dispersive than the other, can be
linked to the bound states of clean QSLs taking the larger
or lower leg coupling (see Fig. 3 middle). Interestingly,
the maximal weight at k = pi is located at a lower energy
compared to the bound states of the clean QSLs. This is
likely caused by scattering events of lower-energy bound
states with k < pi yielding a final momentum k = pi. Fi-
nally, the two-triplon contribution to S−(k, ω) (see Fig. 3
right), which is induced by the leg disorder, has a much
larger weight compared to the one-triplon contribution
to S+(k, ω) although the shape is similar. Notably, the
maximum intensity is at the same energy as for S+(pi, ω)
and is again associated with bound states.
Conclusions — The pCUT method is an efficient tool
to investigate the fate of quasi-particles under quenched
disorder, which we exemplified by calculating the DSF of
disordered QSLs. Disorder-induced quantum structures
like the quantization of collective triplon excitations in
the DSF emerge which are of direct relevance for spectro-
scopic experiments. We therefore suspect that our find-
ings trigger experimental as well as further theoretical
investigations on the fate of quasi-particles in disordered
correlated quantum matter.
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At first a complementary mean-field approach for the problem is discussed. Then the construction of Hamiltonian
and observables with pCUTs is explained in more detail. The way the lifetime of a momentum state changes with
disorder and how this depends on the momentum itself is examined by considering self-energy calculations. For rung
disorder we found an approximate decoupling of the ladder into smaller ladder segments containing only one of the
two rung values in the main body of the paper. This behaviour is explained with first-order degenerate perturbation
theory here. For all disorder setups of the main body of the paper the spectral weights, the density of states and
the inverse participation ratio is shown. Finally we check the convergence of the pCUT calculations with respect to
number of rungs Nr, number of disorder configurations Ndc, and the order of the perturbative expansion.
MEAN-FIELD APPROACH
In the framework of the mean-field approach [25, 47, 48] all cubic and quartic terms of the full Hamiltonian, that
was introduced in the main body of the paper in terms of triplet operators, are discarded at first. Afterwards the
hardcore constraint s†νsν +
∑
α t
†
ν,αtν,α = 1 is taken into account by Lagrange multipliers µν and furthermore the
singlet expectation value 〈sν〉 = sν is introduced. The mean-field Hamiltonian reads
H˜mf({J}) = E˜mf0 +
∑
ν,α
{(
1
4
J⊥ν − µν
)
t†ν,αtν,α +
1
4
2∑
n=1
J‖ν,nsνsν+1
(
tν,αtν+1,α + tν,αt
†
ν+1,α + h.c.
)}
(S1)
with E˜mf0 =
∑
ν(− 34J⊥ν s2ν − µνs2ν + µν). To obtain the parameters µν and sν it is necessary to solve self-consistent
equations 〈
∂Hmf({J})
∂µν
〉
= 0
〈
∂Hmf({J})
∂sν
〉
= 0, (S2)
where 〈·〉 denotes the vacuum expectation value. If one tries to do so for a disordered ladder, a 2Nr system
of equations would remain which would be analytically and numerically demanding. Alternatively, self-consistent
equations for ladders without disorder, that were also considered within the context of mean-field theory, are used to
calculate the energy properties and then the dynamic structure factor.
For such clean ladders the parameters µν and sν are uniform and the hardcore-constraint restricts to a global one.
Starting from (S1) with µν = µ and sν = s a Fourier transformation was done to transform the Hamiltonian into
momentum space and a Bogoliubov transformation for diagonalizing the Hamiltonian subsequently. Eventually self-
consistent equations can be obtained analogue to (S2) which can be solved numerically, so all energy properties and
the dynamic structure factor of ladders without disorder can be obtained.
These self-consistent equations for ladders without disorder are also used for ladders with disorder. To calculate µν
and sν , respectively, J
⊥
ν and an averaged value for J
‖
ν =
1
4
∑2
n=1(J
‖
ν−1,n + J
‖
ν,n) was used. Consider, however, if one
would use global parameters µν = µ and sν = s for a disordered ladder, the outcome of this approach would be much
worse than using local parameters because the local fluctuations of the disorder are not sufficiently taken into account.
On that basis a Bogoliubov transformation of (S1) can be conducted in a real-space setting
Hmf({J}) = Emf0 +
∑
ν,α
ωmfν γ
†
ν,αγν,α (S3)
with the one-particle energies of the Bogoliubov quasi-particles ωmf and Emf0 =
∑
ν(− 34J⊥ν s2ν − µνs2ν + 52µν − 38J⊥ν +
3
2ω
mf
ν ). Starting from this result, ω
mf and the corresponding eigenstates can be used to calculate the dynamic
structure factors S±(k, ω) introduced in the paper.
The mean-field results for the same bimodal leg and rung disorder setups as in the main body of the paper are shown
in Fig. S1. In the one-triplon sector (S−(k, ω)), they exhibit a good qualitative accordance to the results obtained
by pCUT calculations. Nevertheless some deviations in shape and in spectral weight appear by construction, but
we see for coupling constants up to J
‖
ν,n/J⊥ν = 0.1 that the outcome of the mean-field approach shows nearly the
same quantitative behavior as the pCUT approach. The dynamic structure factor S+(k, ω) that contains two-triplon
2contributions was also calculated using mean-field theory. As expected, only the two-triplon continuum can be
obtained and the contribution of bound states is missing because of the neglection of triplon interactions. Note that
the mean-field approach can be applied to arbitrary disorder configurations.
FIG. S1. Uper panel: one-triplon contribution to the dynamic structure factor S−(k, ω) using the mean-field approach for
bimodal rung disorder with p = 0.5, J⊥1 = 1.4, J
⊥
2 = 0.6 and constant leg exchange J
‖ = 0.4 (left) and bimodal leg disorder
with p = 0.5, J
‖
1 = 0.1, J
‖
2 = 0.4 and constant rung exchange J
⊥ = 1 (right). White lines (left) represent one-triplon dispersions
for a clean QSL with J‖ = 0.4 and J⊥ = 1.4 (dashed) or J⊥ = 0.6 (dashed-dotted). The black dashed line (right) represents
the one-triplon dispersion with mean hopping amplitudes. Lower panel: two-triplon contribution to the dynamic structure
factor S+(k, ω) using the mean-field approach for the same disorder setups as in the upper panel. The three dashed lines (left)
represent the dispersion of the two-triplon bound state for the clean QSL using J⊥ = 1.4, J⊥ = 1.0, and J⊥ = 0.6. In the leg
disorder plot the dashed lines represent the dispersion of the two-triplon bound state for the clean QSL with J
‖
1 (white) and J
‖
2
(red). All lines were obtained by pCUTs and are the same as the ones shown in the main body of the paper. The calculations
were broadened with a Lorentzian of Γ = 0.01.
CONSTRUCTION OF HAMILTONIAN AND OBSERVABLE WITH PCUT
Rung and leg couplings are randomly chosen for a finite lattice of size Nr according to a fixed disorder distribution.
To construct the Hamiltonian one needs all matrix elements between one- and two-triplon states for that realization of
the disorder. For a given order of the perturbation theory only linked subclusters with a length of at most that order
3contribute to these matrix elements. For all such subclusters of that particular realization the hopping amplitudes of
triplons or the interactions between two triplons are calculated. Afterwards these amplitudes are properly assigned
to the corresponding matrix elements between one- or two-triplon states on the finite lattice. The remaining task is
to diagonalize the obtained matrix.
For the observable the treatment is similar. At first the local observables O±(ν) and their action on the ground
state is calculated for every rung ν of the disorder realization. This action is not local anymore due to the pCUT
transformation and the observable can create one- or two-triplon states at most distanced by the perturbation order
from ν. The amplitudes for the triplon states that are created by the local observables are again created for all
subclusters of the lattice. The local actions have to be Fourier transformed to obtain the global action O±(k). It is
convenient to calculate the action of O±(k) in position space. For that one has to take care to properly account for
the phases caused by the non-local triplon actions of the local triplet observables.
MOMENTUM DEPENDENCE OF MOMENTUM STATE LIFETIMES
In first-order Born approximation the mean self-energy is
Σ(k,w)Born =
∫ 〈|V (k, k′|2〉G0+0 (k′, w)dk′. (S4)
Here V (k, k′) = H1(k, k′) for k 6= k′, H1 is the one-triplon effective Hamiltonian and V (k, k) = H1(k, k)− 〈H1(k, k)〉.
The retarded unperturbed Green’s function is that of the mean hopping amplitudes, i.e.
G0+0 (k
′, w) =
1
w − 〈H1(k′, k′)〉+ i0+ . (S5)
Note that in the thermodynamic limit H1(k′, k′) = 〈H1(k′, k′)〉. For w = 〈H1(k′, k′)〉 != 〈H1(k, k)〉 the Dirac identity
yields us two contributions to the imaginary part of the self-energy (assuming that k = 0, pi are the only max-
ima/minima)
Im
(
Σ(k, 〈H1(k, k)〉)Born
)
=
∣∣∣∣∣ 1d
dk′ 〈H1(k′, k′)〉 |k′=k
∣∣∣∣∣ (Var(H1(k, k)) + 〈|H1(k, 2pi − k)|2〉) . (S6)
Thus the imaginary part of the self-energy at (k, 〈H1(k, k)〉) and the approximate broadening of the momentum state
|k〉 scales proportionally to
Var(H1(k, k)) +
〈|H1(2pi − k, k)|2〉 . (S7)
Although | 1d
dk′ 〈H1(k′,k′)〉|k′=k
| = 0 the broadening at k = 0, pi is assumed to scale similarly.
For increasing
〈
J
‖
ν
〉
there are big differences in the momentum lifetime at k = 0 and k = pi. This can be seen in the
main body of the paper for the leg disorder case in the one-triplon sector (Fig. 2, middle), where momentum states
had a significantly longer lifetime at k = pi than at k = 0. In Fig. S2 the scaling factor (S7) for the momentum state
lifetimes described above is shown for the same leg disorder setup. The important values are those that coincide with
the mean dispersion 〈H1(k′, k′)〉 depicted as dashed line in the figure. Clearly, one recognizes that at k = pi momentum
states will have a significantly longer lifetime than at k = 0. In the following the matrix elements of H1,ν,ν′ are denoted
as aν,ν′ . As cause for the different behaviour at the mean band edges correlations between the local hopping term aν,0
and other hopping terms were identified. To estimate the importance of the different correlations between hopping
elements on the lifetime of momentum states, the following relation proved useful.
For correlated but stationary disorder, i.e.
〈
J
‖
νJ
‖
ν+δ
〉
6= 0, 〈J⊥ν J⊥ν+δ〉 6= 0 and 〈J‖νJ⊥ν+δ〉 6= 0 but independent of ν,
the mean absolute square of the Hamiltonian in the momentum basis can be given using the cross-correlation theorem.
4Starting point is H1 transformed into the momentum basis.
H1,k′,k =
1
Nr
〈∑
ν′
e−iν
′k′ |ν′〉
∣∣∣∣∣H1
∣∣∣∣∣∑
ν
e−iνk|ν〉
〉
=
1
Nr δk,k
′
∑
ν
(
aν,0 + 2
∑
t=1
aν,t cos(tk)
)
+
1
Nr (1− δk,k
′)
∑
ν
eiν(−k+k
′)
(
aν,0 +
∑
t=1
aν,t(e
itk′ + e−itk)
)
.
(S8)
All that has to be known to use the cross-correlation theorem is the covariance structure of the hopping amplitude
random processes. One obtains
Nr
〈|H1,k,k′ |2〉 = 2∑
d
∑
t,t′=1
t>t′
Cov (aν,taν+d,t′)
(
cos ((t′ − t)k + d(k − k′))
+ cos ((t− t′)k′ + d(k − k′)) + cos (t′k + tk′ + d(k − k′)) + cos (−t′k′ − tk + d(k − k′))
)
+ 2
∑
d
∑
t=1
Cov (aν,0aν+d,t) (cos (tk + d(k − k′)) + cos (−tk′ + d(k − k′)))
+
∑
d≥0
∑
t=0
(2(1− δd,0) cos (d(k − k′)) + δd,0)
· (δt,0Cov (aν,0aν+d,0) + (1− δt,0)Cov (aν,taν+d,t) 2(1 + cos (t(k + k′))) .
(S9)
FIG. S2. 〈|H1(k, k′(ω))|〉2+
〈|H1(2pi − k, k′(ω))|2〉 is shown as a function of k and ω for the leg disorder setup of the main body of
the paper. Note that ω(k′) = 〈H1(k′, k′)〉. Further at the position of the dashed curve Var(H1(k, k′(ω)))+
〈|H1(2pi − k, k′(ω))|2〉
is shown. The dashed line depicts the dispersion of 〈H1(k, k)〉.
With this formula, which is also valid in the thermodynamic limit, it is easy to estimate the importance of correlations
between hopping elements for the lifetime of momentum states.
5LEADING-ORDER EFFECTS OF RUNG DISORDER
For strong rung disorder one can do degenerate perturbation theory around the unperturbed Hamiltonian of only
local triplon interactions. This yields in first order two Hamiltonians without interactions between rungs with different
rung couplings. The low-energy physics is described by the Hamiltonian with small rung values and the high-energy
physics by the one with the large values. An important issue of this perturbative picture are the lengths of chains
of consectutive low or high rung values. The mean amount of such chains of length L is Nr(1 − p)2pL if p is the
probability for the specific rung value and Nr =∞. For a model with only nearest-neighbour hopping all the physics
in first-order degenerate perturbation theory is happening in those finite ladder segments. When hopping to further
neighbours is taken into account or when higher orders in the degenerate perturbation theory are not neglected those
finite chains interact with each other. Fig. S3 shows the dynamic structure factor at k = pi for the rung disorder
setup of the main body of the paper and in the one-triplon sector (blue curve). In red the result obtained with
first-order degenerate perturbation theory in the two different rung values applied on the one-triplon Hamiltonian
used to calculate the blue curve is shown. The vertical black dashed lines show the smallest energies of consecutive
J⊥ = 0.6 chains of length L with open boundary conditions. For L = 7, 6, 5, 4, (3) these black lines match well with
both the maxima of the blue and red curves. This indicates that the discrete nature of the length of these ladder
segments is the main reason for the appearance of multiple maxima in Fig. S3 and the approximate quantization of
the DSF that was seen in the main body of the paper.
The intensities of the red curves are biggest at L = 1, 2. This is what one would find assuming that the weight at k = pi
is proportional to L and neglecting hopping further than to next neighbours. Then the intensities are ∝ LNr(1−p)2pl
when only the smallest energy 
(L)
1 contributes to the DSF at k = pi. There are several reasons why the intensities of
the exact case differ. There is a shift towards lower energies caused by the interactions between several finite ladder
segments. The blue curve rather consists of peaks on a plateau of constant intensity. It is caused by the splitting of
energies induced by these additional interactions. Because more than L rungs can carry the weight of eigenfunctions
due to additional interactions neglected in first-order degenerate perturbation theory the weight at k = pi can scale
stronger than with L. This is true for all L. However, because for a segment of length L = 1 the eigenstate is a
localized rung and thus non-dispersive, there is no preference in the L = 1-sector for k = pi. In contrast, this is
different for larger L and is likely another reason why the blue curve shows stronger intensities there.
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FIG. S3. In blue the dynamic structure factor at k = pi is depicted for the rung disorder setup of the main body of the
paper with parameters Nr = 100, Ndc = 1000 and Γ = 0.01. The red curve shows results by applying first-order degenerate
perturbation theory on the one-triplon Hamiltonian used to calculate the blue curve. The vertical black lines indicate the
lowest energy 
(L)
1 of a ladder segment of L rungs with value J
⊥ = 0.6 and open boundary conditions.
6SPECTRAL WEIGHTS
Fig. S4 shows the spectral weights S±(k) :=
∫ S±(k, ω)dω obtained by pCUTs for all disorder setups discussed in
the main body of the paper. Interestingly, the spectral weights of the corresponding models with constant mean rung
and leg couplings show only minor differences to the disodered one in the one-triplon sector. In the two-triplon sector
the shape is similar but the scale is smaller.
The observables S+(k) (S−(k)) in the one- respectively two-triplon sector that only arise due to the broken reflection
symmetry around the centerline of the ladder have a very wide maximum around k = pi showing only small k-
dependence there. For k = 0 the weight of these observables is zero. The symmetric observable is zero at k = 0
because it commutes with the Hamiltonian. The antisymmetric observable in the two-triplon sector also goes to
zero at k = 0. For that, note that total spin-one two-triplon states have odd parity with respect to inversion of the
lattice around their center of mass. At the same time O−(0) and the singlet reference state have even parity for that
symmetry and since these parities are preserved by the pCUT O−(0) shows no weigth in that sector.
One can conclude that the huge differences in the dynamic structure factor between the disordered and the non-
disordered case are dominantly caused by changes in the dynamics and not by the spectral weights.
FIG. S4. The spectral weights S±(k) are shown as solid lines for all sorts of disorder considered in the paper (denoted as
S±(J⊥ν , J‖ν )). The spectral weights with constant mean rung and leg values are plotted as dashed lines for the same disorder
setups (denoted as S±(〈J⊥ν , J‖ν )〉).
DENSITY OF STATES
The density of states (DOS) was calculated numerically for all disorder configurations {J} using a bin width of
0.0014 and averaging over Ndc = 1000 samples of size Nr = 100. It is normalized such that its integral over energy is
1. The result is shown in the upper panel of Fig. S5. The DOS has large influence on the dynamic structure factor
for rung disorder in the one-triplon sector. For that disorder many regions with vanishing density of states occur.
Also in the non-vanishing energy regions the DOS shows strong oscillatory behaviour for one-triplon rung disorder.
For leg disorder the DOS is mainly smooth. At higher energies we see oscillatory behaviour again that corresponds
to eigenfunctions centered around k = 0 where local hopping amplitudes play a larger role.
In the two-triplon sector rung disorder does not lead anymore to regions of vanishing DOS. Still, we find an oscillatory
behaviour especially at larger energies. In contrast, for leg disorder differences to the non-disordered case become
7small and we see an almost-smooth DOS.
INVERSE PARTICIPATION RATIO
The inverse participation ratio (IPR1)
IPR1 =
∑
ν
|〈n|ν〉|4 (S10)
with |ν〉 denoting position states is a simple and intuitive measure for the localization length of a normalized eigen-
function |n〉. Suppose |n〉 is a plane wave eigenstate of a periodic one-dimensional chain with one atom in the unit
cell. Then the IPR1 will be 1/Nr, Nr being the length of the chain. For all other extended states the IPR will be
bigger but always remain ∝ 1/Nr [49]. For a perfectly localized eigenstate with |n〉 = |ν〉 the value of the IPR1 is
one. An exponentially localized state
|〈n|ν〉|2 ∝ exp
(
−|ν − ν0|
ξ
)
(S11)
has an IPR1 of ∑
ν exp
(
−2 |ν−ν0|ξ
)
(∑
ν exp
(
− |ν−ν0|ξ
))2 = 2
1
1−exp(− 2ξ )
− 1(
2 1
1−exp(− 1ξ )
− 1
)2 ≈ 14ξ . (S12)
The approximation used in the last step is already quite good for localization lengths ξ ≥ 1. With that the localization
length can be estimated as ξ ≈ 1/(4IPR1). The IPR1 ranges between 1 for a perfectly localized state and 0 for extended
states as the system size Nr →∞.
For two-particle position states |ν, ν + δ〉 and their corresponding eigenfunctions |n〉 in position space we use an
analogous quantity to IPR1:
IPR2 =
∑
ν,δ
|〈n|ν, ν + δ〉|4 (S13)
Clearly IPR2 goes to zero with system size for extended states as well and only remains finite if the eigenfunctions
are localized on a finite subset of two-particle position states.
The inverse participation ratio and its two-particle generalization are plotted for Nr = 100 and Ndc = 1000 (solid
lines) and Nr = 50 and Ndc = 2000 (circles) in the lower panel of Fig. S5. In both cases a bin width of 0.0014 was
used. There are only small deviations when the number of rungs gets changed from Nr = 100 to Nr = 50. The
conclusion is that the energy states fit with almost all their weight already on 50 rungs and that there should be
hardly any finite-size effects anymore for systems of 100 rungs or more.
For leg disorder the IPR1,2 increases towards higher energies. These have biggest weight on momentum k = 0. Higher
order effects lead to stronger broadening at k = 0 and this explains why the IPR1,2 grows towards higher energies.
The IPR2 in the two-triplon sector shows essentially the same features as the IPR1 in the one-triplon sector. We
stress that it remains finite so that also two-triplon states have almost all their weight on a finite part of the two-
triplon space in the position basis. One main difference to the IPR1 is that it varies less strongly for the bimodal
rung distribution.
The average IPR1,2 is bigger in the rung disorder case.
FINITE-SIZE EFFECTS, CONVERGENCE OF PERTURBATIVE EXPANSION AND STATISTICAL
ERROR
As the dynamic structure factor could only be calculated for finite systems possible finite-size effects have to be
examined. Further the convergence of the perturbative expansion has to be checked. Due to the finite number of
samples Ndc a statistical error arises which has to be quantified.
In Fig. S6 the dynamic structure factor at k = pi is shown for all disorder setups of the main body of the paper. The
8FIG. S5. Upper panel: the inverse participation ratios IPR1,2 are plotted for Nr = 100 and Ndc = 1000 (solid lines) and
Nr = 50 and Ndc = 2000 (circles) for all disorder setups used in the main body of the paper. Lower panel: the density of states
(DOS), which is normalized with respect to energy, is shown for the same disorder setups and Nr = 100 and Ndc = 1000. The
bin width used to calculate both quantities was 0.0014.
blue line shows results for Ndc = 100 and Nr = 100. The yellow dotted curve was calculated with the same disorder
samples but with order 7 in the perturbative expansion of matrix elements of the Hamiltonian and order 6 for the
observables only. For leg disorder hardly any differences can be made out. Thus the perturbative expansion is well
converged there. For rung disorder at the peaks differences can be seen which are due to a small offset in the energy
of the peaks between the order 8 and 7 calculation. Anyway these offsets are quite small and the convergence of
perturbation theory is also expected to be good for rung disorder.
Fig. S6 further shows the difference of the calculation with Ndc = 200 and Nr = 50 and Ndc = 100 and Nr = 100 by
using the same disorder samples again (red curve). For that each sample of the Nr = 100 calculation was cut into
two samples of Nr = 50. The deviations found are quite small and biggest in the one-triplon leg disorder setups.
The calculation can only be done for a finite number of samples and a finite width of energy bins or by folding with
a Lorentzian of finite width Γ. Assuming that the value in each bin is a random variable and that the realizations of
disorder are independent from sample to sample the behaviour of its standard deviation with the number of samples
Ndc, the number of rungs in that samples Nr and broadening Γ of the Lorentzian is ∝ 1/
√NdcNr Γ.
Fig. S7 shows the relative standard deviation σ [S±(pi, ω)]/ 〈 S±(pi, ω) 〉 for all disorder setups used in the main body
of the paper and for parameters Nr = 100 and Ndc = 1000 (blue circles). Data points where the mean values were
smaller than 1/10 of the maximum value were excluded. One can see that the statistical error is smaller than 5% for
those values.
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